OCR Further Pure 1

Complex Numbers

Section 3: Modulus and argument

Solutions to Exercise

1. ) z=—=2J=z-20
z[F = (2v2) +2" =12+4 =16
|z| =4
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arcton| —— | = arcton| — | = —
[2@) (\Ej &
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z ls inthe 3™ quadrant so argz = ——71 =——
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W z=1-31
i) ,
|zZP =1*+3* =1+ 9=10
|z| =10
-3
arctm/\,(—j =—-1.25 (3s.f)
1
z s ln the 4% quadrant so argz = —1.25 (3 s.{.)
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X zrcosﬁzécos(—) —ex——=-3
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z=-3+3J3l
T
(yr=2, 6=——
23
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X zrcosé’zzzcos(——) —aox—=.=
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Y =rsm9=25m(——j =ox——=—1
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z=z-1

() z=1+21
izl =J1% +2° =5

., 2
zis in the first quadrant, so argz = arataw(—) =111 (3s.f)
1

(i) z*=1-20
|z ¥ =1 +2% =5

- -2
z* is in the fowrth quadrant, so argz* = arotaw(—) =—1.11 (zs.f)
1

’

o 1 1 1-—21L 1-21
(i) —= — = - — =
z 1+20f (1+20)(@x-21) 5
1| 1 NES 1
—|==A1TT ===
zl &5 5 5
1, , 1 -2
— (s in the fourth quadrant, so arg— = arctaw(—) =—1.11 (3s.f.)
z zZ 1
1 1 1+210 _1+20

(i/\/) —_— ” = ” - =
z* 1-20 (1-20)(1+20) 5

1 1 N 1
—|==1* ==
z* 5 5 5
r 1 2
—— is tn the first quadrant, so arg—— = arotaw(—j =111 (3s.f)
z* z* 1
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1 1

1zl |z*|

1

zZ

1

=z *

1 1
and argz = arg—— =—argz* = —arg—
z* z

4. w=10l, z=14+/3L

lw| =10
ar W_ﬂ-

2 2
z|=v1i+3=2

o 2) 7
z is ln the first quadiant so argz = arctaw(ij =—
1 32

wz =100L(1 +/3L) = 10l — 102 = —10J= + 101

lwz| =10V3+1 =20

VA oY/
tr=——tmr=""

;j
= & &

wz s in the second quadrant so arg (wz) = ara’caw(

w_ 10l 1oi(z-+3) 1oi+10V3 5z +50
z 143l (L++/3) @ —-=) 1+3 2
w| 5

H:_m:g

z| =2

w.. . w 1 T
— (s in the first quadrant so arg (—j = arc’caw(—j =—
z z NEY

w|_ vl
wzl=wllzl, | ==
z| |z

arg (wz) = argw +arg z, arg(zj =argw —argz
z

5 1) |z-1+i=1

|lz-(z-1)|=1

This is a civele, centre 1 - |, vadius 1. ST 1\2 3
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i) |z—2-3i|<4

|z —(2+z2i)|<4

This s the interior of a circle,
centre 2 + 31, radius 4.

(i) 1<lz|<=2
This is the region tn between two civcles,

centres the origin, radil 1 and 2
respectively.

V) |z+1|=|z—3]

This is the perpendicular bisector of a
Liwejoiwiwg the points (=, 0) and (-1, 0).

6. lzl=lz-2=2> X+ =(x-2)"+4°
= X0 = X7 —4x+4
S4x=4
> x=1

lz—i|=lz-1] = xF +(y-1)* =(x-1)* + 4°
Sty oy ti= X" —2x+ 1+ Yyt
=2y =-2x
> Yy=x

The polnt of intersection of the lines x = 1 and y = xis (1, 1)
so the value of z that satisfies both equations is 1 + L.
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F. |z —3|=3 ls acircle, centre 3, vadius 3.

|z| = |z — 2| is the perpendicular bisector of the line
Joining the origin and the point (2, 0).

The equation of the cirele is (x—3)° + 52 =9 e "‘_1 [
The equation of the line is x = 1. 2
-3
At the polnts of intersection, 4
L-3P+y*=29
4+y* =29
y=/5
The complex numbers satisfying both equations are 1 ++/51 and 1 —/51.
471 Im
’ 27
g () arg(z+2)=—— 3l
3
s
This is a half-line, starting at -2, at an 11
2r " , Re
angle of = below the positive real axis. —t s :
2 -6 -5 -4 -3 f2 -1 1 2 3
-1
0
-3 T
-4t
47 Im
” n_ i
i) arg(z+2+i)== 3
2 i
2
This is a half-line, starting at -2 - i, at an E Re
7 iy ) - — R L R
angle of — above the positive real axis. -5 -5 -2 -3 p -1 1.2 3
2 -1
-2 T
-3 T
-4+
47 Im
N
(il)) —<arg(z-2)<nrm 3
3
The boundaries of this reglon are two half-lines, 1 .
=]
, 7
both starting at 2, one at an angle to — to the 4 3 2 - 1 2 3 4
3 -1
positive real axis, and the other on the negative 5
real axis. X
-4
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9. |z+2+i|=]z-4+i
(x+2)" +(y+1)° =(x—4)" +(y+1)°
X+ ax+4=x"-gx+16
12x =12
x=1

T
gzxtawﬁzxtamz=x

when x =1, y=1
so the complex number is 1 + L.
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