OCR Further Pure 1

Complex Numbers
Section 2: Equations and geometrical representation

Solutions to Exercise
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2. z=2+1
z¢=2-1
iz=2l-1=-1+20 ,
Lz | L

izx=204+1=1+20

(L) z* s the reflection of z in the real axis
(iD)iz is a votation of z through 90° anticlockwise.

3. 2+ lisaroot, so3-11isalso a root.
Thevefore a quadratic factor is (z—2-i)(z—-3+1)=(z-3)" +1
=z*—-6z+10
1 + 3lis avoot, so1 -3l is also a root.
Therefore a quadratic factor is (z—1-31) (z-1+31)=(z-1)*+ 9
=z>-2z+10
So the equation is (z* —6z +10) (z° -2z +10) =0

zt—¢z® +=2z*-20z+100=0
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4. 1-2ilsavroot, so1 + 2L is also a voot.
So a quadratic factoris (z—1+20) (z-1-20) =(z-1)* +4
=z*-2z+5
Z*+tz+10=(z>-2z+5)(z+2)
The veal root s z = -2.

5 (141 =14+20-1=20
(1+1)* =201 +1)=20-2=—2+21
Substituting into z°> -2z +k=0:
—2+2l-2(1+)+k=0
2+20-2-2i+k=0
k=4

1+ iisavroot, so1-11isalsoa root.

So a quadratic factor is (z—1-1)(z—-1+1)=(z-1)* +1
=z>-2z+2

z®—2z4+4=(z"-2z+2)(z+2)

so the other two roots are 1. ~ L and -2.

6. Zz=—1+1
z2=(1+1)*=1-20-1=-21
zP=2i(1+l)=20l+2=2+21
zf=@@+20) (1+l)=—2-2=—4
Substituting into z* —2z° —-z* + 2z +10:
—4—2(2+20)—(20)+2(—1+i)+10
=—4—4—-4L+20-2+20l+10
=0
so-1 + iisavoot.
Stnece -1 + Lis avoot, 2 - L 1s also a root
So a quadratic factoris (z+1 -1 (z+1+i) =(z+1)* +1
=z"+2z+2
zt 2z -Z'+2z+10=(Z"+2z+2)(z°> —4z+5)
The other factors are the voots of the quadratic equation z* —4z+5 =0
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Sothe othervoots are 1 -1, 2 + L and 2 - L.

. Z=p+gql
z" =(p+q)y =p +2pqi-q" =p°—q" +2pqi
z®=(p* —g" +2p4i) (p+41)
=p(p" —q") +(2p g +q(p* —q7))i—2pq”
=p -3pq +(zpig -7
Substituting into z* +az+b=0:
P°—3pg° +(3p g g )i+alp+qil)+b=0

(i) Bquating imaginary parts: 2p'g—q° +ag=o0

2p* g =-a

(it) Equating real parts: p* —zpg° +ap+b=o0

P —2pq +p(—3p* +4°)+b=0

—2p*—2pq" =4
2p(p* +4°) =0

(Lit) From (1), 4° ==2p° +a
Substituting tnto the result from (it):
2p(p* +3p* +a)=1b
2p(4p* +a)=0b
gp*+2ap—b=o0
so pis a voot of the equation gx* +2ax —b =0

(a+8)* ==z—4i
a+2ab-b* =3—-41

, , , 2
Equating bmaginary parts: 2ab=—4 —=a= ~
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Equating real parts: a—-b=z
4
b_2 - 52 =3
4—b* =3b"

bt —=br—4=0
b*-4)(*+1)=0

b=12
b=t2=4a=TF1
The square roots of 3 — 4L are 1 - 20 and -1 + 2L
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