OCR Further Pure 1

Complex Numbers

Solutions to Topic assessment

1. (2+V)z+(z-20)z*=32
Letz=x+ 'Lg
(2+1) (x+iy) +(z-20) (x—-iy) =22
Q/r+£x+:2£g—g+3x—2£x—3£g—:2g:3:2
SX—3Yy—lx—iy=32

Equating lmaginary parts: —X—Y=0 DYy=-x
Bauating real parts: 5X—3Y=32=>5X+3x=32
=8x =32

S0 Z=4 ~41l.

2. a=-2+51
) a*x=—0-51

(i) lal=v2*+5% = J29

I 5
a ls n the second quadrant, so arga = 7 +arctan | —

-2
:ﬂ—i.jﬁ
=1.95 (3s.f.)
L. a+ta* —2+5L-2-51
(1) = -
a -2+ 51
_ 4
-2+51
—4(—2—-51)

(2+50)(—=2-51)
+20L € 20,
= = +—

29 29 29

2 () zl-4z+5=2+1)*-42+)+5
=4+4l—-1-8—4L+5
=0

The other voot, z, =z, *=2-1
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() —+ =TT
z, z, 2+i 2-1
o 2-i+2+1
C(2+0)(2-1)
4
441
_*
_5

() zZ+zZ =(2+1)*+(2-1)*
=4+4l-1+4—-41—-1
=6

m(zZ+2z2)=0

z:2-zZ=(2+1)*—(2-0)*
=4+4l—1—-4+40l+1
=gl

re(zZ2-z2)=0

4. () f(z)=z+z"+4z—-4¢2
f(2)=2"+2"+4x2-4¢8
=27+ 9+12—4%

=0
2 1s a root, so the real root o = 3.

Z2+ZzPt4z—48=0

(z-3)(z"+4z+16)=0
The complex roots are the roots of the quadiatic equation
z®+4z+16=0.

- —4 4% —4x1x16

2
4 t-4g
- 2
_ —4t4iz
- 2
= 2+2i/3
The complex roots are ff=-2+2i3, y=—2-20/3.

(i) |al==
argo =0
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18] =27 +(2v3) =Ja+1z =4

. . 243
B is in the second quadrant, so arg =+ arc‘caw(—\/—j
-2
=7+ arctam,(—\/g)
T

=77 ——
32

2
32

|7|=m=M=4

—2
7 ks in the thivd quadrant, so argy = arc’caw[ \/Ej -7

-2
= arctan (V3) -7
7
=—-7
3 m
B [oy/a A
=
e arg(z —a)=arg f
ﬂ
2
o =e
Ve
(L) arg(z—a)=argf

5. (i)

(it)

arg(z—g)zz—”
3

. , . , , . 2r
The Locus is the half-line starting from z = 3 in the direction — (shown
3

on Argand diagram above).

a=1+4L
a®=(1+40)(1+4)=1+8l—-16=—15+¢i

a® =(—15+8L) (1 +4l)=—15 —-520—32=—47 - 52(

a*+5a° +ka+m=0

—4F —52l+5(—15+8l)+ k(1 +4l)+m =0
Bquating lmaginary parts: —52+40+4kR =0

> k=3
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—4F—F5+tR+m=0
> m=122-k =119

Equating real parts:

a=1+4L isavoot, so a* =1 —4L s another root.

A quadvatic factor is (z —1—41)(z -1 +41)=(z-1)* +16
=z-2z+1+16
=z*-2z+17#

z*+5z°+3z+119=0

(z®—2z+1#)(z+F)=0
The thivd voot is z = -#.

arga = arctaw(i) =1.33 (3s.1)
1

BY symmetry arga* =-1.33 (zs.f)
arg (=) =1.

la+2|=|1+4l+2|=|z+4i|=Vz"+4* =5
la*+2|=[1—4l+2|=|2—4l|=3"+4" =5
|- +2|=-5|=5

so all three voots satisfy [z +2|=5 .

A
Im

1+ 4L

Ly Ls the perpendicular bisector
of a Line joining the points z = 12 9.
and z = 9L on the Argand dingram.

/
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(il) |z - 9| =2|z 12|
e +iy - 92| = 2|k +iy-12]
e =2 g
K4y = 9 =4((x—12) + 47)
XYt 18 Y+ 8L =4x" — 9ox+5FC+4Y”

37 —jéx+352 +18Yy +495 =0
X*=3z2x+ Yyt tey+165 =0

(x—16)° —256+(y+3)* - 9+165 =0
(x—1&)* +(y +3)* =100

This is a circle, centre (16, -3), radius 10.

(ih) |z — 16 +3t| =10
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