EdExcel Further Pure 1

Complex Numbers

Section 3: Complex numbers and equations

Solutions to Exercise

1. 2+ lisavroot, so2-11s also a voot.
Therefore a quadvatic factoris (z-3-1)(z—-3+0)=(z-3)" +1
=z"-6z+10
1+ 3l is avoot, so1 - 3l 1s alsp a root.
Therefore a quadyatic factor is (z—1-3L) (z-1+3l)=(z-1)*+ 9
=z°>-2z+10
So the equation is (z* -6z +10) (z* -2z +10) =0

zt—ez*+32z*-g0z+100=0

2. 1-2lisavoot, so1 + 2L is also a root.
So a quadratic factor s (z -1 +2i)(z-1-20) =(z-1)* +4
=z -2z+5
Z24+z4+10=(z>-2z+5)(z+2)
The veal voot s z = -2.

2 (L4 =1+20-1=21

(z+1) =201 +)=20—-2="2+21

Substituting tntp z° -2z +k=0:
—2+20-2(1+)+k=0
—2+20-2-20+k=0
k=4

1+ 1ltisaroot so1-11s also a root.

So a quadvatic factor is (z—1-1)(z -1 +1)=(z—-1)* +1

=z -2z4+2
z2—2z44=(z"-2z2+2)(z+2)
so the other two roots are 1 — L and -2.
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4. Zz=-1+1
Z2=(—1+1)P=1-20—-1=-21
z:P=2i(1+l)=20i+2=2+20
' =@+2)(2+)=—2-2=—4
Substituting tnto z* —2z* —z* +2z +10:
—4 —2(2+20)—(20)+2(—1+1)+10
=—4—4—4l+20-2+2L+10
=0
so-1 4+ Lisavoot.
Since -1 + Lisavoot, L -1 is also a root
So a quadvatic factor is (z+1-1) (z+1+0)=(z+1)* +1
=z>+2z+2
z' 27— ZP+o2z+10=(z"4+2z+2)(z° -4z +5)
The other factors ave the roots of the quadratic equation z* —4z+5 =0
416 —4X1X5
Z =

2

4t
2
_4t20
2
=2*1i
Sothe othervoots ave -1 -1, 2 + Land 2 - L.

5 z=ptgql
z" =(ptql)* =p +2pgi-q"=p -  +2pql
zZ=(p*—q" +2p4l) (p+4L)
=p(p" =)+ (Rpq+q(p" )i -2pq”
=p -3pq +(zp'q-q")
Substituting tnto z° +az+b=0:
P’ —3pg" +(3p g g i+alp+ql)+b=0

() Equating imaginary parts: 2p°q—g° +aq =0

3p*—q" =4

(it) Bquating real pavts: p*> —2pg™ +ap+b =0
P’ —2pg" +p(—2p* +4°)+b=0
—2p°-2pq" =-b
2p(p*+4%)=0b
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(itt) From (1), 4° =3p* +a
Substituting bnto the result from (il):
2p(p* +3p* +a)=b
2p(4p* +a)=1b
gp°+2ap-b=0
so pis a voot of the equation €x° +2ax —b =0

(a+b) =3—41

ac+2ab—b° =3—41

. . . 2
Equating lmaginary parts: 20b=-4 =a= ~
Equating real parts: a-b=z

4 2 _
b_2 -0 =z
4—b" =30"

b —z0* -4 =0

(b —4)(b*+1)=0

=12
b=t2=>a=F1
The square roots of 3 — 4L are 1 - 26 andd -1 + 2L,

(a+8)*=(a+H)

a—-b=a+2ab-b

Bquating lmaginary parts:  —b =24t
b+2ab=o0
b(1+2a)=0
b=0oora=-%

Equating real parts: a=a-b

fo=0 a=a"

a(1—a)=o0
a=0 or 1
fa=-%:-t=1-p*
b =2
b=113
The possible values of a4 and b ave: a=b=o
a=1,b=o0
a=-%, =11z
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g (1) (a+h)(2+l)=a—-31
2a+al+200—b=a-3L

Equating real parts: 2a-b=a
a=ub

Bquating tmaginary parts: a4 +26 = -3
34=-3
a=-1

a=-1,b=-1

(i) (a+1) (4 —l)=3b+24l

4a—abl+4L+b=30+24

Equating real parts: 4a+b=3b
2a=0b
—ab+4 =24

—24%+4 =24
Eoquating imaginary parts: 4°+a4-2=0
(a+2)(a-1)=o0

a=-2 or a=1
a=-2,b=-4ora=1,b=2
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